Collective behaviours of active particle systems have gained great research attentions in recent years. Here we present a mode-coupling theory (MCT) framework to study the glass transition of a mixture system of active and passive Brownian particles. The starting point is an effective Smoluchowski equation, which governs the dynamics of the probability distribution function in the position phase space. With the assumption of the existence of a nonequilibrium steady state, we are able to obtain dynamic equations for the intermediate scattering functions (ISFs), wherein an irreducible memory function is introduced which in turn can be written as functions of the ISFs based on standard mode-coupling approximations. The effect of particle activity is included through an effective diffusion coefficient which can be obtained via short time simulations. By calculating the long-time limit of the ISF, the Debye-Waller (DW) factor, one can determine the critical packing fraction η c of glass transition. We find that for active-passive (AP) mixtures with the same particle sizes, η c increases as the partial fraction of active particle x A increases, which is in agreement with previous simulation works. For system with different active/passive particle sizes, we find an interesting reentrance behaviour of glass transition, i.e., η c shows a non-monotonic dependence on x A . In addition, such a reentrance behaviour would disappear if the particle activity is large enough. Our results thus provide a useful theoretical scheme to study glass transition behaviour of active-passive mixture systems in a promising way.
I. INTRODUCTION
Understanding the collective behaviours of active particles has gained extensive research interest due to its importance for both fundamental physics and biological application [1−3] . In recent years, a number of active particle systems have been studied both experimentally and theoretically (including simulation), and a lot of interesting collective behaviours have been reported, such as large scale vertex formation, active swarming [4, 5] , phase separation [3, 6−10] , and glass transition [11−13] etc. Specifically, mixture system consisting of active and passive particles has become a hot field recently [14−18] . For instance, Cates et al. [18] studied the activity induced phase separation and self-assembly of active-passive mixtures, Wittmann et al. [16] studied the effective interactions between different active parti- † Part of the special issue for celebration of "the 60th Anniversary of University of Science and Technology of China and the 30th Anniversary of Chinese Journal of Chemical Physics".
* Author to whom correspondence should be addressed. E-mail: hzhlj@ustc.edu.cn cles driven by coloured noises, Weber et al. [17] studied the demixing generated by different diffusivities in hot-cold mixture, and so on. Very recently, glassy dynamics and glass transition in dense active particle systems have also gained lots of attention [11, 19−22] . Experiments show that active particle systems exist many dynamic slowing down processes such as jamming and dynamic arrest. For example, amorphous solidification process has been found in collective motion of a cellular monolayer [23] , and glassy behaviours have been found for ant aggregates in large scales [24] . Using extensive simulation, Ran et al. [11] found that the activity of particles pushes the glass transition critical point to a higher density until the random close packing. Besides, there have also been some purely theoretical studies about glassy dynamics of active particle systems. Voigtmann et al. [25] presented a mode-coupling theory for the slow dynamics of two-dimensional spherical active Brownian particles. Berthier and Kurchan [19] studied the nonequilibrium glass transitions in driven and active matter. Szamel et al. [12] studied the glassy dynamics of athermal self-propelled particles, both in computer simulations and in a nonequilibrium microscopic MCTlike theory. Nevertheless, theoretical study for glassy dynamics of mixture systems including active particles is still lacking, to the best of our knowledge. In our recent work [26] , we have developed a modecoupling theory framework to study the glassy dynamics of a type of active particle systems, the so-called active particles driven by an Ornstein-Uhlenbeck (OU) process with thermal noise included (AOU-T). Our starting point was an effective Smoluchowski equation (SE) governing the dynamics of the probability distribution function in the position phase space. We were able to obtain a dynamic equation for the intermediate scattering function (ISF) of the system, from which one can calculate the Debye-Waller (DW) factor, the value of ISF in the long time limit. Glass transition takes place when the DW factor reaches a non-zero value upon change of the volume fraction or temperature. Our results there well reproduced the simulation results reported in the literature that activity induced a shift of the critical density for glass transition to higher values [11] . However, the theory was only for a monocomponent system and how it can be applied to mixture systems is still open.
Motivated by this, in the present work, we have extended our theory to a mixture binary system of activepassive particles. The active component is described by the AOU-T model as in our previous work. Following Fox's method of dealing with coloured noises, we have obtained an effective SE for the probability distribution function Ψ ( r N , t ) , the probability density that the system is at a specific configuration r N =(r 1 , r 2 , . . . , r N ) at time t. By using standard Zwanzig-Mori projection operator method, we can obtain the time evolution equations for the ISFs F αβ (q, t), where α, β stands for active or passive component and q is a modulus of vector in the Fourier space. With these equations, we are able to calculate the DW factor and determine how the glass transition depends on the system parameters, such as the volume fraction, the particle activity, as well as the number fraction of the active component x A . For system with equal active/passive particle sizes, we find that η c shifts to larger values with the increase of x A or particle activity, in accordance with previous simulation studies. For a system with different particle sizes, an interesting reentrance behaviour of glass transition is observed, i.e., η c shows non-monotonic dependence on x A if particle activity is not large. If the particle activity is large enough, however, such a reentrance behaviour is suppressed and η c increases monotonically with x A as in the case of equal sizes. These results indicate some interesting interplay between particle activity and mixing effect in such complex systems.
II. MODEL AND THEORY

A. Equations of motion
Consider a mixture system with total particle number N and volume V , consisting of active particles with number fraction x A =N A /N and passive particles with number fraction x P =1−x A =N P /N . The interacting forces among all particles are pairwise and purely repulsive, namely, the Weeks-Chandler-Andersen (WCA) potential
where α, β=A or P (denoting active or passive particle, respectively), ϵ αβ is the strength of potential, σ αβ is the interacting scale between α and β particles. In general forms, the dynamic equations of motion for the particles reaḋ
where r α i is the position vector of i-th particle of type-
is the self-propulsion force which only exerts on active particles (for simplicity we write f A i =f i ). We assume f i is governed by an OU-process,
with persistent time τ p and a white noise term η i , obey- 
where D In this work, we use dimensionless units by setting
For potential parameters, we set ϵ AA =ϵ AP =ϵ PP =1, and assume 2σ AP =σ AA +σ PP . For active particles, we use τ p =0.02, and change D f to adjust the activity. Simulations are performed in a periodic boundary three dimensional box with 4096 particles and volume fraction is changed via change of the box size. Initial conditions are prepared with random particle positions and random self-propulsion forces satisfying the steady-state distribution of OU process, and the simulation method is standard Brownian dynamics algorithm.
B. Effective Smoluchowski equation
One notes that the Langevin equation (Eq.(1)) for active particles is non-Markovian due to the coloured noise term f i , such that it is not possible to derive an exact SE (which is actually Fokker-Planck equation) for the time evolution of the probability distribution function Ψ ( r N , t ) . Nevertheless, it is possible to obtain an approximate SE for Ψ ( r N , t ) , as already shown in many literatures. For instance, Fox had introduced a method using functional calculus which allows one to obtain a nearly accurate SE for short correlation times [27, 28] , even being valid when the correlation time is long [29] . Using this method, Brader et al. [29] had presented a theory to study the effective interactions among active Brownian particles which facilitated them to understand activity-induced phase separation in a novel way. In our recent work [26] , we have also used the same method to obtain the SE for a single-component active particle system described by the AOU-T model.
In the present work, we have applied similar approach to the mixture system described by Eq.(1). Details are given in Appendix A. Consequently, the effective SE reads,
wherein the Smoluchowski operator Ω can be divided into two additive parts, an active part Ω A and a passive one Ω P , given by
where
is a configuration-dependent instantaneous diffusion coefficient of active particles, and F eff j denotes an instantaneous effective force satisfying
Herein, F ′ j denotes the force exerted on particle j by all other active particles, i.e.,
u AA (r ij ). In the long time limit, we assume that the system will reach a nonequilibrium steady-state
where J s i,α denotes the probability density current given by
To proceed, here we assume that in the steady state all the currents vanish [27] , i.e., J s i,α =0. As argued in Ref. [30] , there was no clear evidence of nonvanishing system current in dense active particle systems close to glass transition. With this assumption, we then have
for active particles and
for passive particles. To study the collective dynamic behaviours of the system, we define a matrix of collective intermediate scattering functions (ISFs) S(q, t) with each element
means the steady-state average, and
is the Fourier transform of density fluctuation
is the nonequilibrium static structure factor S(q) with elements
Clearly, one has S αβ (q)=S βα (q). Note that for the non-equilibrium system studied here, it is not feasible to calculate S (q) through theoretical methods like the Ornstein-Zernike (OZ) equations, while direct simulations must be used to calculate them in the steady state.
C. Memory function equation
To study glassy dynamics, one needs to study the long time relaxation behaviour of S αβ (q, t). Generally, S αβ (q, t) will relax to zero in the long time limit for a liquid system, while it will reach an apparent non-zero value for a glass state. Following standard projection operator procedure as shown in detail in Appendix B, we can obtain the dynamic evolution equation for the matrix S(q, t), given by In this equation, W (q) denotes a frequency term given by
where D α j is given by Eq. (7) and hencē
denotes an averaged single-particle diffusion coefficient of active particles, andD
where p=q−k, q=|q|, and the vertex term reads
with
Since the goal of the present work is to determine whether the system is at liquid or glass state, one can just calculate the infinite-time limit of S (q, t), the socalled DW factor
since a non-zero value of f (q) indicates that the system is in glass state. According to Eq.(15), we can have
These two equations can be solved by iteration method using S (q) as the initial value of f (q). The above equations (Eqs.(15)−(19)) allow us to study the glassy dynamics of the system. Usually, one can perform numerical calculations to obtain the intermediate scattering functions S(q, t), given the nonequilibrium steady-state values ofD α and the nonequilirium structure factors S (q) as inputs, as we have done in our previous work about MCT for purely active systems [27] . For a single component passive system, the ISF close to glass transition often shows a two-step relaxation. However, for a single component active system, simulations showed weak or no two-step relaxation [11] , which was also reproduced in our previous MCT work [27] . For the mixture system considered in the present work, surely it would be an interesting and important topic to investigate the relaxation dynamics of S αβ (q, t). However, as a first step, the main purpose of the present work is to study the glass transition point. This can be achieved by calculating the long-time value of ISFs, i.e., the DW factors, in a much easier way by solving Eq. (21) iteratively, rather than numerically solving Eq. (15) which is technically much harder.
III. RESULTS AND DISCUSSION
A. Structure information
As stated above, one needs to calculate f (q) to study the glass transition behaviour of our mixture system. According to Eq.(21) and Eq. (22), one must useD A and S(q) as inputs. Since the system is in nonequilibrium, the structure factor S(q) cannot be obtained through OZ equations, and theoretical calculations of D A is not available either. Therefore, one must use direct simulations to obtain these parameters in the steady state. Combining these relatively cheaper simulations with our MCT equations above, one can feasibly study the very long time glassy dynamics of the system, which is usually very expensive to study directly by simulations.
We are interested in how the system's dynamics change with the volume fraction η of the system. For a single-component hard sphere system, it is simply defined as η= π 6 ρd 3 where ρ=N/V is the number density and d is the diameter of the particle. In our present work, however, the particle is not hard sphere and the definition of packing fraction for such a soft potential system is not straightforward. In addition, we are considering a mixture system wherein active or passive particles could have different parameters σ AA or σ PP . Generally, one may write To determine θ, however, we require that a binary passive mixture system would have same critical packing fraction η c of glass transition for either x A =1 (however with zero activity) or x P =1 if the particles are of different sizes. For instance, for parameters σ PP /σ AA =0.8, our data shows that θ≈0.6733. Surely for σ PP /σ AA =1.0, θ is just one. In FIG. 1(a) , we show the partial structure factor S(q) for different volume fraction η as examples, with constant particle activity 3.0 and fraction of active component x A =0.2. The diagonal elements S AA (q) and S PP (q) are shown in black and blue lines, respectively. The peak heights are positively correlated with the fraction x A or x P of corresponding component. Since x A =0.2, the peaks for S PP (q) (blue lines) are much higher than those for S AA (q) (black lines). In addition, we have also shown the non-diagonal elements S AP (q) (red lines), which are approximately zero at large qvalues and can even take negative values. The insets show the zoom-in of the peaks, wherein the peak heights for all three elements increase with the increment of packing fraction η.
FIG. 1(b) shows examples for another input parameterD
A as functions of the packing fraction η, for a few different values of particle activity D f τ 2 p =1.0, 3.0 and 10.0, respectively, with fixed x A =0.2. Generally, larger activity leads to largerD A . Besides, with constant activity,D
A slightly decreases with increasing packing fraction due to the shrinking of average distance between particles, similar to those found in active particles systems [26] .
B. Debye-Waller factor
Using the iteration method mentioned above, we get the DW factors f (q) as shown in FIG. 2(a) , with the same parameters as in FIG. 1(a) . Blue and black lines are diagonal elements f P P (q) and f AA (q), respectively. At large qs, all f αβ (q) are close to zero, indicating that small scale fluctuations relax approximately to zero. For a relatively low packing fraction, say η=0.6, all elements f αβ (q) are zero for all qs, corresponding to a liquid state. With slightly increasing η to 0.601, however, clear structures show up for all elements of f (q), with peaks at certain values of q. The apparent non-zero values of these DW factors clearly demonstrate that the system is in glassy state. With further increase of η to a larger value 0.614, the values of f (q) also increase. Obviously, the system undergoes a sharp glass transition when the packing fraction η changes from 0.6 to 0.601. In FIG. 2(b) , we depict the first peak value of f AA (q) as functions of η for three different values of particle activity, D f τ 2 p =1.0, 3.0 and 10.0, respectively. All three curves show abrupt jumps at a certain critical value η c , corresponding to the glass transition point. With increasing particle activity, one can see that the critical value η c shifts to higher values, indicating that parti- cle activity hinders glass transition. This is in qualitatively accordance with the simulation results reported in Ran's work [11] .
C. Glass transition of active-passive mixture
In the above subsection, we show the method of determining the critical packing fraction of glass transition η c with constant activity and constant x A . In FIG. 3(a) a definite upper bond of critical packing fraction of glass transition, i.e. the random closest packing, approximately η max ≈0.64. The activity of particles can only push the critical packing fraction close to this value. However for WCA potential particles, despite the critical packing fraction is obviously bounded in physical region, it is quite difficult to find out the exact upper bound. Nevertheless, we have observed the suppression of this upper bound, analogous to the phenomenon in hard sphere systems. For particles with soft core interactions, as we know, the critical density ρ c of glass transition increases with the temperature in equilibrium systems. For nonequilibrium active systems, it is suggested that one can define an effective temperature T eff . In our previous work for single-component active system described by the AOU-T model [26] , we found that the critical density of glass transition increases with an effective temperature
2 ). For the AP mixture system considered in the present work, it is yet not clear to define an effective temperature in a consistent way. Nevertheless, such an effective temperature, if can be well-defined, should increase with the increase of particle activity D f τ FIG. 3(a) . In FIG. 3(b) , we also calculate the phase diagram with different size ratio of active to passive particles σ PP /σ AA =0.8, but with the same other parameters as  FIG. 3(a) . The lowest (black) line in this figure denotes a passive binary mixture, where the critical packing fraction η c shows a non-monotonic dependence on x A . Such a reentrance behaviour comes from the mixing effect [31] . When activity is present, the critical packing fraction η c shifts to a higher value. The shift value ∆η c increases with the fraction of active component x A , as well as the activity D f τ 2 p . When the activity is large enough such as D f τ 2 p =10.0, the reentrance behaviour disappears.
IV. CONCLUSION
In summary, we have presented a mode-coupling theory for active-passive binary mixture, and studied the glass transition behaviour of this system. The active forces propelling the active particles are described by DOI:10.1063/1674-0068/31/cjcp1806148 c ⃝2018 Chinese Physical Society the OU process. Using the Fox's method to handle this coloured noise, we obtain an approximate Smoluchowski equation. With this SE, we derive the mode-coupling equation for the time evolution of intermediate scattering functions, and calculate Debye-Waller factor since we focus on phase behaviour in present work. To obtain the DW factor, we only need effective diffusion coefficient of active particlesD A and partial structure factor S (q) as input information, both of them are obtained through direct simulations. According to the behaviour of DW factors, one can determine the critical point of glass transition. We find that activity pushes the critical effective packing fraction of glass transition to a higher value. For the systems consisting of active and passive particles with the same size, the critical packing fraction η c increases monotonically with the increasing of number fraction of active component x A . For AP mixture with different particle sizes, we find that η c bypasses a maximum value with the increasing of x A , demonstrating an interesting type of reentrance behavior. In addition, such reentrance can only be observed for small particle activity.
In next step, we will calculate ISFs to study the relaxation behaviour near glass transition. We will also study the situation with smaller active particle and larger passive particle, to seek out the behaviour in socalled active bath systems [32] . In summary, we believe that our MCT framework for AP mixture is applicable to study glass transition or other behaviours in dense systems from the theoretical point of view, and could find many developments and applications in the future.
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For a general multi-variable OU noise case,
the Smoluchowski equation writes
} where P (y, t) is the probability distribution function. Using the assumption presented in Ref. [28] , we get
the summation is only for active particles.
APPENDIX B: The mode-coupling equation
It is convenient to achieve the memory function equation (Eq. (15)) in Laplace domain. At the beginning, we introduce the Laplace transform of ISF
where the Laplace transform and corresponding inversed transform are defined as
Using the Zwanzig-Mori projection operator method, define a projection operator on the density fluctuation ρ
Clearly we have PP=P and P ρ
(notice: the operator function can be understood as 
Here, the operator Ω † means the adjoint of Smoluchowski operator Ω, defined as ∫ f Ω † gdΓ= ∫ gΩf dΓ, and therefore
Then we define the frequency term
and Then the evolution of ISF writes
and in real time space
Next, we need to introduce the mode-coupling approximation to calculate the irreducible memory function.
Firstly define a second-order projection operator 
